ABSTRACT. We reformulate Shelah's conjecture on the classification of strongly dependent fields.
In [8] Shelah formulated the conjecture that strongly dependent fields are algebraically closed, real closed or "like a finite extension of Q p ". This somewhat loosely-formulated conjecture is, usually, interpreted as:
. Any infinite strongly dependent field which is neither real closed nor algebraically closed admits a non-trivial henselian valuation.
In [7] Johnson proved Shelah's conjecture for dp-minimal fields. Indeed, Johnson proved a stronger statement: Theorem 1.2 (Johnson) . A sufficiently saturated field K is dp-minimal if and only if K is perfect and there exists a valuation v on K such that:
(1) v is henselian.
(2) v is defectless (i.e., any finite extension of (L, v) over (K, v) is defectless). (3)
The residue field Kv is either an algebraically closed field of characteristic p or elementarily equivalent to a local field of characteristic 0.
We suggest that with the obvious adaptations, Johnson's theorem characterises all strongly dependent fields: 
In particular, strongly dependent fields have finite dp-rank.
In the present note we show That any field satisfying conditions (1)- (5) of Conjecture 1.3 is strongly dependent is, esssentially, the content of the main result of [4] . Indeed, if v is trivial, then by (3), K is strongly dependent. Otherwise, pass to an ℵ 1 -saturated elementary extension of (K, v), so we may assume that (K, v) is ac-valued. Conditions (1)- (5) are elementary and thus still hold. Any field satisfying conditions (1) and (2) is algebraically maximal. Assumption (3) implies that the residue field is strongly dependent, and therefore -if it is of characteristic p > 0 -has no finite extensions of degree p. Condition (5) Remark 1.6. The above gives an alternative proof for the easier direction of Theorem 1.2, which is only sketched in [7] .
We start with the following observation: Proof. Let K be an infinite strongly dependent field. If K is real closed or algebraically closed, take v to be the trivial valuation, and there is nothing to prove. So we assume this not to be the case. By Lemma 1.7 there exists a henselian valuation v on K such that Kv is real closed, algebraically closed or finite.
By [5, Corollary 5 .15] (K, v) is defectless and by Theorem 5.14 of the same paper (K, v) is strongly dependent. Thus, vK is strongly dependent. If Kv is infinite Conjecture 1.3(5) follows form [4, Lemma 2.7] . If Kv is finite, its core field is p-adically closed. Indeed, if ∆ is the convex subgroup of vK generated by v(p) then the residue field, K 1 , associated with the coarsening w : K → vK/∆ is p-adically closed, because the valuation u : K 1 → ∆ is henselian, has finite residue field and ∆ is discrete and archimedian ([5, Proposition 5.13]). It only remains to prove that K has finite dp-rank. This will be proved separately. Lemma 1.10. Assume Conjecture 1.1. Then every strongly dependent field has finite dp-rank.
Proof. Since the lemma is well known for algebraically closed, real closed and finite fields, we may assume that this is not the case. Fix a strongly dependent field K. Since dp-rk(K) is preserved under elementary equivalence, there is no harm assuming that K is ℵ 1 -saturated. Fix a henselian valuation v on K, as provided by Lemma 1.7.
So K is an ac-valued field. By definition, the burden of (K, v, ac) is at least that of (K, v). By [5, Theorem 5 .14] we know that (K, v) is strongly dependent, so Kv and vK are also strongly dependent. It follows from Fact 1.5 (and using elimination of field quantifiers [4] ) that (K, v, ac) is strongly dependent. So in (K, v, ac) burden is the same as dp-rank (and the same is true for (K, v)). It follows immediately from the definition that the burden of (K, v, ac) is at least the same as the burden of (K, v), so it will suffice to prove that the dp-rank of K as an ac-valued field is finite.
In case (K, v) is of equi-characteristic 0, the lemma follows from [1, Theorem 7.6(2)], the fact that vK has finite dp-rank [5, Theorem 1] and the dp-minimality of Kv.
The general case follows from, essentially, the same argument. Here are the details: since (K, v) is strongly dependent, (K, v, ac) eliminates field quantifiers, and it follows that Kv and vK are stably embedded and fully orthogonal. So their respective dp-ranks (as pure structures) are the same as their dp-ranks with the structure induced from (K, v, ac). In particular, dp-rk(vK) < ∞ by [5, Theorem 1] and dp-rk(Kv) ≤ 1 by the choice of v.
It follows from [1, Lemma 7.12] that there is no inp-pattern of depth ω whose formulas are of the form In the equi-characteristic 0 case, the result now follows from cell decomposition, which implies that any formula is equivalent to one as above. In general, it follows from elimination of field quantifiers, and [2, Theorem 5] any type over a model is isolated by formulas as above. By compactness, every formula is equivalent to one of the above form, so the result follows.
It follows immediately from [4, Corollary 4.4] that, combined with the main result of [5] , Conjecture 1.3 determines all possible first order theories of strongly dependent fields. If K is such that the valuation provided by the conjecture has the same residue characteristic as char(K), the field K is elementary equivalent to K ≡ k((t Γ )) for some strongly dependent Γ and k real closed, algebraically closed, or a finite extension of Q p . Is there an analogous algebraic prototype for strongly dependent fields of mixed characteristic?
